Mass and the energy-capital conservation equations are employed to study the time evolution of the mass of oil and the oil price evolution with time of the resources sold to the market in case of noaccumulation and no-depletion of the resources; i.e. when the resources are extracted and sold to the market at the same mass flow rate. The time evolution of the monthly oil price is studied from 1994 until 2012, investigating the detailed forecast resulting from the application of the present theory.
INTRODUCTION
The forecast of the price of non-renewable resources is very important in the economic planning. The main economic issues related to an economy based on exhaustible resources has been investigated in [1] and later reviewed in [2] . Hotelling rule suggest that the price of non-renewable energy resources increases exponentially with the product of time and interest rate of capital, [1] [2] .
A first generalization of the Hotelling rule, [3] , has shown that the rate of exponential increase can be interpreted as the product of the time and the difference between the inflation rate and the extraction rate, called PIFE, i.e. "Price Increase Factor of Extracted resources". A further generalization of the Hotelling rule, [4] , has introduced the difference between the interest rate of the capital, prime or discount rate, and the extraction rate, called PIFS, i.e. "Price Increase Factor of Sold resources". The price of a sold resource can increase or decrease with time, also passing throughout a maximum or a minimum [3] [4] , differently from what happens with the Hotelling rule, where the price is linked only to the interest rate of the capital, which usually is positive.
The energy supply curve of non-renewable energy resources, i.e. price versus consumption, can be constructed introducing new parameters of evaluation, [5] . The real annual mass flow rate of oil extraction in the world from 1965 to 2006 has been presented in [6] , according to the data of [7] .
The same approach has been recently applied to periods with negative inflation rates, confirming the robustness of the present theory and identifying the limits of the forecast in the assumption of the interest rates, e.g. prime or discount rates. The preliminary results of [8] are confirmed in [9] for a more wide variation of the discount rates, showing the importance of the two new parameters, CIPS, "Critical Initial Price of Sold resources", which depends on the initial price of the extracted resources, on the interest rate of the non-extracted resources, and the difference between PIFS and PIFE, and CIPES, "Critical Initial Price Extreme of Sold resources", which depends on the initial price of the extracted resources, on the interest rate of the non-extracted resources, and PIFS.
The present paper applies the approach to the forecast of the monthly oil price during the period from 1994 to October 2012, discussing the use of the real interest rates, as limits of the forecast.
MASS CONSERVATION EQUATION OF EXTRACTED RESOURCES.
Let assume that the non-extracted resource is in a reservoir C N of mass, M, where M 0 is the mass at the initial time, t=0. If the mass flow rate of extraction is G, with dimensions (mass/annum), the mass conservation equation of the non-extracted resource is
If the extraction rate, α, with dimensions (%/annum), is
the mass flow rate of extraction, with constant α in the time interval 0 -t, is
The evolution of the mass flow rate of extraction with time depends on the value of α. If α=0, G is constant with time. If α>0, G increases with time. If α<0, G decreases with time.
Annual balance
The annual mass flow rate of oil extraction in the world, G, is reported from 1965 until 2012
in Fig. 1 , according to the data of [7] , and from 1980 until 2012 according to [10] . The mass of oil in the reservoir of non-extracted resources, C N , Eq. 1, becomes, after
For constant extraction rate, G = G 0 , i.e.α = 0, mass of resources is
Then, M decreases linearly with time and is possible to find the time t f =M 0 /G 0 when M= 0, i.e. the exhaustion of non-extracted resources [3] .
If α > 0, mass of resources is exhausted faster than for α = 0, while if α < 0, mass of resources is exhausted slower than for α = 0 [3] . For an infinite time t → ∞, the mass of resources in the reservoir is given by, under the assumption of a negative value of α,
An extraction policy is able to exhaust the non-renewable resources in an infinite time t→ ∞, i.e. M( )=0, giving the critical extraction rate, α ∞ c , [3] 
If α <α c <0 the non-renewable resources will never be extracted and a certain amount of resources will remain as non-extracted in the reservoir C N , [3] .
The real annual extraction rates, α, evaluated using the data of 
Monthly balance
The monthly extraction rates are reported from January 1994 until October of 2012 in Fig. 5 , according to the data of [10] . The unit of G is MT/y in order to be comparable to the data of Fig. 1 .
The increase is continuous.
ENERGY-CAPITAL CONSERVATION EQUATION OF EXTRACTED RESOURCES
Hotelling rule, so called in [1] in honour of H. Hotelling [2] , states that the price of a nonrenewable resource increases exponentially with the time multiplied the interest rate r of capital and is independent of any other variable present in the energy game of the non-renewable resources.
The evolution of the oil price (West Texas Intermediate) is reported in it has remained well below 4% while the oil price has increased, with some oscillations, until 2013.
Energy-capital conservation equation for the extracted resources is, in unsteady state [3] 
where G is the mass flow rate of extraction, p E the current price of a unity of extracted resource and r N the interest rate. Equation 8 becomes the Hotelling rule for G=1.
Equation 2, gives, after integration, the price evolution of the extracted resource, with
where p E0 is the initial price of the extracted resource and
is the "Price Increase Factor of Extracted resources", PIFE.
As a conclusion, the price of the extracted resources evolves with time according to PIFE. If the extraction rate α is equal to the interest rate of the non-extracted resource, r N , the price-increase factor, PIFE, is equal to zero, β = 0, and the price p E remains constant with time. If the extraction rate α is higher than r N , the price-increase factor, PIFE, is negative, β < 0, and the price p E decreases with time. If the extraction rate α, is lower than r N , the price-increase factor, PIFE, is positive, β > 0, and the price p E increases with time. In case of a conservative policy of extraction,
i.e. α < 0, the price-increase factor is greater than zero, β > 0 and the price p E increases with time.
ENERGY-CAPITAL CONSERVATION EQUATION OF SOLD RESOURCES
Let assume that the non-extracted resources are in a reservoir C N with mass M N and interest rate r N . Mass flow rate of extraction from reservoir C N is G E while capital flow rate, relative to the mass flow rate G E , is G E p E , because resources are extracted at the price, p E , and allocated in the reservoir C E , where M E is the mass of extracted resources . Resources of the reservoir C E are sold at the price p S , with a mass flow rate of extraction G S , while capital flow rate, relative to the mass flow
Mass conservation equation of the resources in the reservoir C E is
Energy-capital conservation equation is ( )
which becomes 1 1
In case of no-accumulation and no-depletion of the extracted resources in the reservoir C E , i.e. G E =G S, mass M E is constant with time and mass flow rates G E and G S have the same extraction
Equation (13) 
Solution of Eq. (15) for r E ≠ r N , [13] , gives the time evolution of the price of sold resources
where p S0 is the initial price of the selling resource,
is the "Price Increase Factor of Sold resources", PIFS, and
is the "Critical Initial Price of Sold resources", CIPS, which depends on p E0 , the initial price of the extracted resource.
Price of sold resources, Eq. 16, has an extreme (maximum or minimum) for time
Time t m of the extreme is zero if p S0 is equal to
which is the "Critical Initial Price Extreme of Sold resources", CIPES, which depends on p E0 , the initial price of the extracted resource.
For r N = r E , i.e. β' = β , p S is given by
where CIPS, i.e. p* S0 , is not defined.
The price of sold resources has an extreme for the time t m given by
The extreme is a maximum if p** S0 >0 and a minimum if p** S0 <0. The time t m of the maximum is zero if the initial price p S0 is
The possible cases can be classified in five categories:
-Cat. 3 -α = r N , i.e. β =PIFE=0.
-Cat. 4 -r N = r E , i.e. β' = β or PIFE=PIFS.
-Cat. 5 -r N < 0.
On their side, each category presents the following possible cases:
-Case 1-A) r E >r N >α, i.e. β'>β>0. -Case 2-C) α > r N , i.e. β<0.
In all other cases the price of the selling resource decreases with time, which include r E = α > r N , or α > r N > r E , or α > r N > r E .
Category 3 -α = r N , i.e. β =PIFE=0.
-Case 3-A) r E > r N = α, i.e. β'>β=0.
The price of the selling resource increases with time if the initial price p S0 is p S0 > p** S0 = p* S0, i.e.
greater than CIPS=CIPES, p** S0 =p* S0 .
-Case 3-B) r E > r N = α, i.e. β'>β=0.
The price of the selling resource remains constant with time if the initial price p S0 is p S0 = p** S0 = p* S0, i.e. equal to CIPS=CIPES, p** S0 =p* S0 .
-Case 3-C) r E > r N = α, i.e. β'>β=0, or r N = α > r E , i.e. β'<β=0. Category 4 -r N = r E , i.e. β' = β.
-Case 4-B) r N = r E > α, i.e. β'=β>0.
The price of the selling resource increases temporarily with time up to t m , given by Eq. (2), and then decreases if the initial price p S0 is p S0 > p** S0 > 0, i.e. greater than CIPES>0.
-Case 4-C) r N = r E > α, i.e. β'=β>0, or r N = r E < α, i.e. β'=β<0, or r N = r E = α, i.e. β'=β=0. A new category of cases has been introduced in [9] , and is relative to the negative inflation 
FORECAST OF THE MONTHLY OIL PRICE
The monthly oil price is forecasted according to Eq. 16, assuming the prime or the discount rate as r E , the inflation rate as r N and the monthly extraction rate as α. Figure 7 The forecasts with the discount rate, reported in Fig. 9 for p E0 =p S0 , are the followings. The predictions with the prime rate, reported in Fig. 11 for p E0 =p S0 , are the followings. 
CONCLUSIONS
The paper extends the method of using the mass and the energy-capital conservation equations to forecast the monthly oil price from 1994 until October 2012. The present theory assumes the inflation rate as the interest rate of the non-extracted oil, the prime or the discount rate as the interest rate of the selling oil. The introduction of the extraction rate of oil into the mass and energy conservation equations allow to define four parameters which are important in the evaluation of the forecast. The general conclusion is that with high values of the prime rate the forecast is generally an increase, due to the optimistic assumption of a high interest rate of the selling oil, while a smaller value of the discount rate brings to a more realistic forecast. It is interesting to observe that in several years the use of the two interest rates can provide the extremes limits of the forecast.
CAPTIONS TO FIGURES. 
